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I. INTRODUCTION 

In its low energy limit superstring theory leads to effective Lagrange systems in which the 
Einstein action is modified by terms depending on scalar, vector and tensor fields ||l|- [Q] . The 
Einstein-Kalb-Ramond (EKR) theory, being a system of this type, takes into account only 
the antisymmetric Kalb-Ramond field, which can be replaced on-shell by the pseudoscalar 
Pecci-Quinn axion in four dimensions. The situation becomes more complicated in the 
multidimensional case; the non-trivial properties of this theory were established in |^- [Q 
when dilaton and Abelian gauge fields are present. 

In 1^ it was shown that the (3 +(i) -dimensional EKR theory, being reduced to two dimen- 
sions, admits two different d x d-matrix formulations: the real non-dualized (target space) 
and the Hermitian dualized (non-target space) ones; moreover, the Kramer-Neugebauer-like 
map between the matrix potentials was established. 

In this paper we study the EKR system with d = 2. It turns out that this system allows a 
Kahler representation which formally is defined by two vacuum Ernst potentials. A discrete 
transformation between the metric and Kalb-Ramond degrees of freedom is established; it 
gives rise to an alternative 2 x 2-matrix formulation of the model. It is shown that besides 
of the above mentioned Kramer-Neugebauer map there are two new transformations of this 
type in this case. 

In Sec. Ill the 5-dimensional line element, explicitly depending on the Ernst potentials, 
is presented. After that, we take as starting solution the Kerr one in order to construct a 
class of 5-dimensional black hole solutions; in two of the three analized cases there is a 
Kalb-Ramond dipole inside of the horizon. 

II. KRAMER NEUGEBAUER MAPS 

We start from the system with the action 

s = Jd''x\g\U-n + ^n^ 



where TZ is the Ricci scalar constructed on the metric Qmn, (M = 0, 1, ...,4) and 



n 



MNL 



QmEnl + eye. perms., 



(2) 



where B is the antisymmetric Kalb-Ramond field and Hmnl is the non-dualized axion one. 
Such a system arises in the frames of the low energy limit of heterotic string theory. A 
complete investigation must include the dilaton and gauge vector fields, but we leave it to be 
studied in the near future. Thus, we consider the case when the vector fields are not present 
and suggest that the mixings of the metric (Kaluza-Klein vector fields) and Kalb-Ramond 
fields vanish: 



ya,n+2 — Bn^n+2 — 0, 



(3) 



where /i = 0,1,2; n = 1,2. It is evident that such a restriction does not provide any 
constraints on the remainder variables and can be considered as a non-trivial ansatz for the 
EKR theory. 

After the Kaluza-Klein compactification of two dimensions on a torus, one obtains the 
0(2, 2)-symmetric a-model constructed on the matrix fields Gmn = Gm+2,n+2 and Bmn = 
Bm+2,n+2 couplcd to 3-gravity with the metric g^i, = Q^^. The effective action of this system 
is and i 
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d^x| g 



^R+-Tr 
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(j-y - (J-) 



(4) 



where J*^ = \/GG ^ and J^ = VBG ^; G and B being symmetric and antisymmetric 
2 X 2-matrices, correspondingly. If we parametrize them as follows: 



G = pi 
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P2 



P2 ^2 ^ 



\P2^<l2 P2+P2^(lij 
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B = qi 
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(5) 



the "material part" of the action (4) takes the form 
1 



Sm = ^Jd'x\ g 1^ {pf [{Vp,r + (Vgi)^] + p^' [{Vp^f + (Vg^)']} 



(6) 



which allows us to introduce the independent each other Ernst-like potentials 



€i = qi+ipi, e2 = q2 + ip2- 



(7) 



Using these definitions, the action of the model can be rewritten as 



^s = I d^x\ g 1^ {-^R + 2 [r'f' + ru'^)} 



where J^^ = Vei (ei — ei)~^ and J^^ = Ve2 (e2 — £2)"^- Thus, the "material part" of the 
action for the theory under consideration corresponds to a double Ernst system. 

Another 2 x 2-matrix representation arises from (5) using the replacement pi -^ p2, 
Qi -^ (I2, which, in view of (6), provides a discrete symmetry transformation for the action. 
This circumstance allows to combine the independent variables pi, qi, p2 and 52 in the 
matrices G' and B' 

fo -A 



G'=P2 



( Ih' 



Pi ^Ql * 



Pi^qi Pi+Pi^ql 



B' = q2 



1 







(9) 
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in terms of these magnitudes, the action of the system adopts the similar to (4) form 

1 



'S 



d x\ g 



3i?+lTr[(J^')2-(J^')2 



(10) 



In other words, the above mentioned substitution defines the discrete transformation 



G^C, B^ B', 



'111 



where the matrices G' and B' are considered as the new Kaluza-Klein and Kalb-Ramond 
ones; it mixes the gravitational and material degrees of freedom. It is an analogy of the 
Bonnor transformation for the stationary Einstein-Maxwell theory [^ and can be used to 
generate new EKR solutions starting with the Kaluza-Klein ones. 

In order to establish additional properties of the system under consideration, we reduce 
it to two dimensions. In this case, the 3-metric hij can be written in the Lewis-Papapetrou 
form 



ds'^ = hijdx^dx-' = e^^^dp^ + dz'^) — p^dr^ 



(12) 



where the function 7 as well as the "material" fields are r-independent. In the previous 
work 1^, it was shown that the discussed system allows two different representations in two 
dimensions: the target space non-dualized and the non-target space dualized ones. The 
target space formulation is given in terms of G and B (or G' and B')\ in it the "material 
part" of the r-independent motion equations transforms to 

Vipj"") - pJ^j"" = 0, (13) 

V(pJ^)-p(J^)2 = 0, (14) 

where V = {dp,dz}. They can be derived from the 2-dimensional action 

^S = ^f dpdzpTr [{J^f - ( J^)2] . (15) 

In the same way we can obtain analogous 2-dimensional Euler-Lagrange equations and 
their corresponding action for G' and B' . Eq. (13), being rewritten in the form 
V[pG^^{S/ B)G^^] = 0, constitutes the compatibility condition for the relation which de- 
fines the antisymmetric matrix Q (by analogy we can define Q'): 

VQ = pG-\VB)G-^ (16) 

where Vp = V^ and V2 = — Vp (see [||). The sets of matrices (fi, G) and {Q',G') provide 
alternative Lagrange descriptions of the 2-dimensional theory. In terms of Q and G the 
action of the system adopts the form 

^S = -^j dpdzTr [p{jGf + p-\j^f'\ , (17) 

where J^ = G'S/Vt. For the magnitudes Vt' and G' we have the same relation. The Kramer- 
Neugebauer-like transformations which directly map the "material" field equations in terms 
of (G, B) into the ones in terms of (G, fi), and those given by (G', B') into the ones given 
by (G', fi') are 

'' G -^ pG-^ \ G' -> pG'-^ 

(18) 
B^iQ , \ B'^iQ' ■ 



these transformations are equivalent to the maps 



Pi -^ PPi ^ 



lUJ 



P2 -^ PP2 ^ 



q2 -^ i^ 



(19) 



Q 



UJ 



V 



(20) 



/ 



Qi 
where u; {uj') is the single non-trivial component of the matrix Vt (^2'), i.e., 

I, -i\ 

1 

(a similar relation can be written for Vt'). 

The complex matrix transformations (18) have the same form as the well-known Kramer- 
Neugebauer one for the pure Einstein theory. These transformations algebraically map 
dualized matrix variables into the non-dualized ones. 

It is easy to see that Eq. (16) is equivalent to 



Vu = pp-^ Vgi; 



(21) 



a relation of the same kind connects u' with p2 and q2- Using such a double non-matrix 
dualization one can establish a new representation of the problem. Namely, the equations 
of motion on the language oi pi, u, p2 and to' correspond to the action 



S = lJ dpdz { [ppf{Vp,f - p-'pliVuf] + [ppf{Vp2f - p-'pliVuj'f] } 



f22) 



The map which transforms the motion equations of the action (22) into the ones of (6) in the 
two dimensional case, has exactly the Kramer-Neugebauer Q form for the sets of primed 
and non-primed variables: 

-1 



(23) 



Thus, 5-dimensional EKR theory, being reduced to two dimensions, allows three different 
transformations of Kramer-Neugebauer type. 



P\ - 


^ PPi 


?1 - 


-> iu, 


P2 - 


-^ PP2 


q2 - 


-^ iuj' . 



III. DOUBLE ERNST SOLUTION 



In this section we construct solutions of the S-dimensional EKR theory using its formal 
equivalence to the double Ernst system |T^. Namely, it is easy to see that the solution of 



the EKR problem, being reduced to two dimensions and parametrized by the functions ei, 
€2 and 7, can be constructed using the solutions of the double vacuum Einstein equations 
written in the Ernst form in terms of e^ and Y*" (^ = 1)2) 

V^pJ"') = pr^iJ"^ - J'"), (24) 

9.f '^ = p [{r').{f'^), + {f'').{r''),] , (25) 

d,i''^ = p[\{r^),?-\{r'^).?], (26) 

if one identifies 7 = 7*^1 + 7*^^ _ 

Thus, the 5-dimensional line element for the metric ansatz defined by (5) and (12) 

dsl = e^^idp^ + dz^) - p'^dr'^ + Gmndx'^dx'', (27) 

can be expressed using the parametrization of the matrix Gmn and the definition of the 
functions ei and 62 (see Eq. (7)): 

dsl = e^Hdp" + dz^) - P^dT^ + ^^^^\du + €2dv\\ (28) 

£2 — £2 

where u = x^ and v = x"^. The Kalb-Ramond matrix is given by 

^0 -1^ 



5 = ^1^ 

2i 



(29) 



yl J 



and the function 7 corresponds to the potentials ei and €2 as it was pointed out below. 

The metric (28) algebraically depends on the Ernst potentials, so that the situation in 
the EKR theory differs from the one that takes place in the pure Einstein theory. In latter 
case, in order to construct the metric, one must use the function u, which is related with 
gi by the dualization procedure (21), instead of the imaginary part qi of the (single) Ernst 
potential ei. 



As an example of the developed technique which allows to construct EKR solutions, we 
present the solution which arises from the double Kerr one. The Ernst potentials corre- 
sponding to two Kerr solutions with sources in different points of the symmetry axis are: 

Sk = l- ^ . , • (30) 

Tk + Ittk COS Ok 

where m^ and a^ are constant parameters which define masses and rotations of the sources 
of the Kerr field configurations. Our potentials are e^ = i£k- The two entered coordinate 
sets are connected with the polar system as 

P = [(rfc - mfc)^ + <Tfc]2 sin6'fe, z = Zk + {vk- nik) cos 6k, (31) 

where Zk denote the locations of the sources and a1 = ml — a\. In this case, for the function 
7fc one has: 

e'^^ = ^, (32) 

Vfc 

where Pk = Ak - al sin^ 9k, Qk = Ak + al sin^ 6k and A^ = r| - 2mkrk + a\. 
Then, the Kalb-Ramond matrix Bmn will be defined by the function 

2miaiCos^i 
?i = ^; , (33) 

where E^ = r| + a\ cos^ 6^- This kind of field configuration corresponds to a Kalb-Ramond 
dipole with momentum rriiai, it is located in the point Zi. 

In the particular case when ei = iS and €2 = i, the line element adopts the form (here 
indeces are dropped) 

dsl = p{ — ^d6^\- Asm^6dT^ + [du^ + dv^) . (34) 

This metric describes the gravitational field originated by the massive (with mass m) Kalb- 
Ramond dipole which is hidden inside of the horizon 



Vh = rn 



+ Vm? — a?. (35) 



The discrete transformation (11), which can be written as ei ^ 62, £2 ^ ei, maps this 
solution into the one defined by the potentials ei = i and 62 = i£. The corresponding metric 
is: 



2 



dsl = p(^ + d9^- Aszn^9dT^ 



du + i [1 ; ) dv 



(1 ?!!^) 

V r — iacosuj 



2 



■ (36) 



In this case the Kalb-Ramond field is absent, i.e., this solution is a pure Kaluza-Klein 
one. Thus, the Kalb-Ramond dipole vanishes, but the metric (36) acquires an additional 
degree of freedom (the non-trivial value of Quv) with respect to (34). This configuration 
corresponds to the field of a source with mass m which is located inside of the horizon (35). 
The double Kerr solution (28)-(29) can be understood as the "superposition" of the two 
considered cases. The simplest "superposition" of this kind takes place when the two Ernst 
potentials coincide: ei = £2 = iS. Therefore, the 5-dimensional metric reads 



P^ fdr^ ,„,\ . . ._ o , ./. 2m \ 2 



dsl = — i^ + de'^] - Asin^edr 



(l ^) 

V r — iacosO J 



du + i\l ; dv 



(37) 



This metric has non-diagonal form and, simultaneously, the Kalb-Ramond field describes a 
massive (with mass m) dipole; it is also located inside of the horizon defined by the formula 
(35). 

IV. CONCLUSION 

The Kahler formulation of 5-dimensional EKR theory, admitting two commuting Killing 
vectors, is presented. In two dimensions there are three pairs of descriptions of the theory; 
each pair contains a target space (non-dualized) representation and a non-target space 
(dualized) one. The corresponding Kramer-Neugebauer-like maps between the dualized 
and non-dualized variables are established. 

A class of solutions constructed on the double Ernst one is obtained. It turns out that 
the 5-dimensional line element explicitly depends on the Ernst potentials. The double Kerr 
solution corresponds to an asymptotically fiat EKR dipole configuration. 
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